International Journal of Scientific & Engineering Research Volume 9, Issue 3, March-2018 666

ISSN 2229-5518

Analysis of the antiplane shear of certain materials

Jérémie G Sambou, Edouard Diouf
Laboratoire de Mathématiques et Applications

Université Assane Seck de Ziguinchor
ediouf@univ-zig.sn

Abstrack

In this paper, the problem of axial shear of a hollow circular cylinder, composed of an elastic, homogeneous,
isotropic material, is described. The inner surface of the tube is bonded to a rigid cylinder while the outer surface
is subjected to axial shear. From some examples of energy functions, conditions on shear are set. These
conditions are finally generalized for a certain class of potentials.
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1. Introduction

The study of shearing of elastic materials,
incompressible has always been the subject
of special attention in mechanics [1]. In
fracture mechanics, for example, antiplan
shear has been of particular interest.
Simple shear deformations, for which the
displacement gradient is constant, are
sustainable both in the linear and nonlinear
theory. Necessary and sufficient conditions
on the strain energies for homogeneous
isotropic nonlinear elastic materials which
do allow antiplane shear were obtained in
Knowles for further contributions in the
compressible case [2].

This is the case for example of the study on
the propagation of a crack. In brittle
fracture mechanics, the solution of the
antiplan problem allows to know the crack
front response. For analytical solutions in
antiplan mode (or mode Il1 in fracture
mechanics), with boundary conditions
equivalent to those of a linear elasticity
problem, we have either regular fields or
strong discontinuity lines of the gradient of
the shifting. For the antiplanar shear, some
authors [3] had to precede to a
classification of the materials likely to
undergo such a deformation. Other authors
[4] have shown that this characterization of
materials is closely related to the nature
and form of the energy function. This
characterization remains less obvious in
nonlinear elasticity. In the case of

telescopic shear where radial deformation
is neglected, only incompressible materials
are considered [5], and the study of
boundary problems leads to analytical
solutions. The intent of this expository
paper is to draw the attention of the applied
mathematics to an interesting two-
dimensional mathematical model arising in
solid mechanics involving a single second-
order nonlinear partial differential
equation. Anti-plane shear deformations
are one of the simplest classes of
deformations that solids can undergo. In
longitudinal shear of cylindrical body, the
displacement is parallel to the generators
of the cylinder and is independent of the
axial coordinate. Generalized shear, with
just a single scalar axial displacement field,
may be viewed as complementary to the
more complicated plane strain
deformation, with its two in-plane
displacements.

In this paper, after the formulation of the
problem, we are interested in the necessary
conditions for a material to undergo an
axial shear on the one hand, and on the
other, for the case of a certain class of
materials whose shearing conditions
depend on strongly of the nature of the
energy density. We will end up with a
more general formulation.
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2. Basic equations

The geometric domain is a hollow cylinder
composed of an elastic, isotropic material
with an inner surface bounded by a rigid
cylinder and an outer surface subjected to
axial shear.

In a cylindrical coordinate system,
consider a point M which, in the
undistorted configuration has the
components (R,®,Z) and the deformed

configuration (r, 8, z).
The kinematics of deformation is described
by:

r=r(R), 0=0,z=7Z+w(R),

which translates for axial shear, a
combined deformation of the tube: radial
withr(R) and longitudinal or shear anti
plan with w(R).

With clearly defined boundary conditions
on the inner R, and outer R, radius [5],

these two functions are solutions of a
system of nonlinear differential equations.
The resolution of these equations strongly
depends on the shape of the energy
functionW({,1,,1;), where the first three
invariants of the Cauchy Green tensor are
1,,(i=123).

According to (2.1), the deformation

gradient tensor and the left Cauchy-Green
tensor are written:

F 0 0 70 W
2
R R?
w 0 1 w0 1+w
(2.2)

The first three elementary invariants of B
give:

I =tr(B)=F +(r/ R’ +1+vw",

L=tr@)=F+(@/R*A+W)+(R/r),

I,=det(B)=(r#/ R,
(2.3)

whereB* = (detB)B™lis the adjoint of B.
The stress tensor of Cauchy is given by
[6],

oc=B1+B8B+8 B, (2.4)
where 1is the identity tensor and
B.(=0,L,-Dare given by:

ﬁu = ZI;M [Izwrz +I3W,3]’
B =21,""W, (2.5)
ﬁ—l :_2‘[;,2'172)

and W,=oW /0l (i=1,2,3).

In the absence of volume forces(2tiE)
equilibrium equation is obtained by:

div(o)=0. (2.6)
What is reduced according to (2.4) to the
system:

oo, %% _o,

or r
9% 4 % _g, (2.7 b)
or r

By choosing as a condition to the limits on
the inside R; [5] and outside R, [7] radius

of the tube:

r(R)=R, w(R)=0,

o (R)=0, o (R)=0, (28Dh)
with o, a constant, the system (2.7) admits
two unique solutions in #(R)and w(R).

Considering equation (2.7 b), we find that
it can still be written in the form:

d
= (r0,)=0. (2.9)

With o, =2, +2W, 12 Y and
¥

from the expression of I in (2.3),
equation (2.9) becomes:

2{vi{RW] +ﬁ WZ]J =0. (2.10)
or R

By applying the string rule to (2.7 a);

do_OR 1
—= —+—(07,,—04)=0, and
JdR or r( " M)

considering the expressions of
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1+w? and

c.=F+BF +B,

2
, starting from

ﬂn+ﬂ1 +ﬂ1

(2.4) and takmg into account (2.5),
equation (2.7 a) can still be written:

i[r[E LJW +F— W +rRW}+

OoRL \r R R r

.2 R 1 .2 R 1 2 _
) A

3. Necessary shearing antiplanar
condition

Assuming r=R, we havel, =1, the
transformation then becomes

incompressible and equations (2.10) and
(2.11) become:

d
LR (I, + +1,)]=0,
0 W

ﬁ(Wl+2W2+WS)—?Wz=0-
On the other hand, we will have
I =I,=3+Ww", which give
oI, oI,
R R

oW, _ oW, 3, oW, oI,

R Ol 0R oI, 0k

oW, _ow, oL, oW, dl,
ww( 12 22):

3R oI, oR oI, R

oW, _ow, oL, W, dl,

oR Ol OR oI, OR

=21 (Wi + W),
3.2)

whith W, = oW ,(G,7=123).
“anar, T

With (3.2), equation (3.1 b) becomes:

2w[m1+3n712+m3 +2H/22+H[:«53] W 0.
(3.3)

Moreover, with the conditionr= R, (3.1 a)
gives Rw (W, +W,) = C,,where C, an
integration constant. Thus, considering the

condition (2.8 b), the equality (3.1 a)
becomes:

W+ W)= (3.4)

Thus the necessary conditions [8] for an
antiplane shear to be possible, are reduced
to equalities (3.3) and (3.4). It appears that
these conditions strongly relate to the(2.11
energy function #.

4. Case of certain materials
4.1 Diouf-Zidi's model
Consider the energy function [9]:

W =a(l,-3)tafl,- 3)+a3[(1;"’ '+ (2-2)(% -1)]+ g i‘:log(g),

(4.1)
where p is a positive real. 2)
In order for the shear to take place, the
material of type (4.1) must satisfy (3.3) an
(3.4). %)
Equation (3.4) gives:

R o
w(R)=_—"""2log(R)+w,,
2a, +a,) ’

So where the constantw, is given by the
condition (2.8 a).

By taking (4.2) in (3.3), we obtain a
necessary condition translated by the
equation:

. 2p 2 R'o-u ]z,', R'o'u ]ﬂp+
a’ll i 1{1 [[Z(qmz)] II L(qmz) L(qwz)

ks, }
272 =0
a,p2- p)- azp(1+p)[2( ra)

(4.3)
When p=1, (respectivelyp=2), (4.1)
becomes an Ogden’s model (respectively
of Hadamard’s model), [9] and (4.3) gives
a condition on the antiplanar shear for such
materials.

4.2 Blatz-Ko 's model

IJSER © 2018
http://www.ijser.org


http://www.ijser.org/

International Journal of Scientific & Engineering Research Volume 9, Issue 3, March-2018 669

ISSN 2229-5518

Consider the energy function [10]:

N AR TS, [
2 v o 2L v o

the solution of equation (3.4) has the same
form as (4.2), it is given by:

w(R) = %log(R)+ w,

QA=
It should be noted here that the limiting
cases f =0 and f =1whose models have
been discussed [11] are excluded in this
study because of the regularity of the w(R)
function.
On the Blatk-Ko’s model, the condition
(3.3) gives us:

_yarany o -0 Go-IXI-1)
A1- H3+w)+ ) + D +71_2U 0.

Solving this equation we obtain:

oo oo
%-DL2 1 1-

so that the conditions (3.3) and (3.4) are
verified for Blatz-Ko’material, it is
necessary that the (4.5) and (4.7) are equal.
This is only possible whenw(R) is a

20011
180-9

constant, which isg, =0, f=

4.2 Knowles-Sternberg 's model
As a material model, consider the
Knowles-Sternberg’s energy density [12]:

W:E[HE(II— )T, (4.8)
n n

and according to the power i, the local
equations of motion are of elliptic nature

(n>1/2),parabolic (n=1/2) or elliptic-
hyperbolic(n<1/2).

The shape of the model (4.8) makes it
possible to have a simplified formulation
of (3.3) namely: wi,, =0.

Calculating #,,, we note that this is only

possible if #=1 orw=0.However, for the
second condition (3.4) necessary for an
antiplan movement, we have:

(4.4)

W= %.i[uﬁwz}] . (4.9)
2R ubl n

Whenn =1, the variation of w(&) is the

same as (4.2) or (4.5). On the other h d5)

because of the variation of R € [R,, R, |, the

case w = 0, causes only one possibility for

(4.9): o,=0,the same of Blatz-

Ko’smodel.

In general, assuming W (1,,1,,1,) linear

with respect to 7, and Z,, [8], we have:

W =H (L)(I,-3)+H,(L)(I,-3)+ .
(L)(h=3)+H, (L)( )(ﬁ%@

For shearing with this material, its energy
potential must satisfy conditions (3.3) and
(3.4).

4.7)
Asking OH; _OH; 0L, _

=—1 3 _ff with (3.3
oR oI, OR s 33

and (3.4) we obtain:
2w(H1’ +H;)—EH2 —0,
R

: R
W (H, +H2)=2¢;;°.

(4.11)

By combining these two equations, we
arrive at a single condition for the antiplan
transformation to take place:

(Hy+12) H+H,+RIL(H+H) | H, _
H,+H,

(4.12)
As in the previous cases, we notice that the
deformations translated explicitly by w(R)
are logarithmic functions. On the other
hand, it should be noted that the condition
for a material to undergo an anti-planar
shear depends strongly on its potential.
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